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DEFINITIONS AND METHODS OF MEASUREMENT 
FOK P I EZOEL E C'I'HIC VI B I< ATOR S 

INTRODUCTION: 

This Standard is a revision of the IRE Stand- 
ard on Piezoelectric Crystals-The Piezoelectric 
Vibrator: Definitions and Methods of Measure- 
ment, 1957 (57 IRE 14. Sl) '  and a continua- 
tion of Standards in this field?, 3. 

An introductory review of the equivalent elec- 
tric circuit of a piezoelectric vibrator and its 
parameters is followed by a discussion of the de- 
termination of these parameters by the transmis- 
sion method. This method was published in 
1951 and became the basis for the 1957 I R E  
Standard.' Since that time, a thorough investi- 
gation of the transmission method has resulted in 
more precise expressions which permit a more 
accurate evaluation of the parameters! This 
method is suitable for frequencies up to about 
30 MHz for the commonly encountered ranges 
of the capacitance ratio r and the figure of merit 
M, provided that errors due to instrumentation 
are taken into account. The equations presented 
in this Standard have been formulated to correct 
these errors. 

1. CLASSIFICATION OF PHENOMENA 
1.1 The Piezoelectric Vibrator and its Equiv- 

alent Electric Circuit 
A piezoelectric vibrator consists of an element 

usually in the form of a plate, bar or ring cut 
from a piezoelectric material and has electrodes 
attached to or supported near the element to 
excite one of its resonance frequencies. 

The electrical behavior of a lightly damped 
mechanical vibrating system which is excited 
piezoelectrically through electrodes forming a 
two-terminal network, can be represented in the 
vicinity of any mechanical resonance by an 
equivalent electric circuit (Figure 1 ) which con- 
sists of a capacitance C1, inductance L1, and re- 
sistance R I  in series, shunted by the parallel 
capacitance Co. The parameters are independent 
of frequency for isolated modes of motion. Gen- 
erally, the mode in question is sufficiently is+ 
lated from other modes to permit this assumption. 
When this is not true, the equations and measur- 
ing methods outlined herein do not apply. For 
identification of symbols used in this Standard, 
see Table 1A. 

1.2 Parameters of Piezoelectric Vibrators 
The fundamental parameters CI, LI, R I ,  and 

C,, define the equivalent electric circuit shown in 
Figure 1 and all other parameters may be de- 
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rived from them. At a given frequency the pa- 
rameters of the equivalent electric circuit gen- 
erally approach constant values as the amplitude 
of vibration approaches zero. The amplitude 
which can be tolerated before the parameters 
are appreciably affected varies widely between 
vibrators of various types and can only be de- 
termined by experiment. 

Equivalent Electric 
Near a Resonance. 

FIGURE 1 

Circuit of a Piezoelectric Vibrator 
c 

The equation for the impedance 2 or admit- 
tance Y 

of the equivalent electric circuit of the piezoelec- 
tric vibrator is the basic equation describing the 
relationships between the various parameters. 
In  equation ( 1)  

are the normalized frequency factor and the 
normalized damping factor, respectively. See 
Table 1A for definitions of fl,, f,, and the other 
symbols used in equation ( 1 )  and for other es- 
sential parameters. The characteristic frequen- 
cies of equation ( 1 )  are defined in Table 2. 

The magnitude of the impedance of the equiv- 
alent electric network ( i Z ' ) ,  its resistive com- 
ponent ( R e ) ,  its reactive component (X,.), and 
the reactance X, of the L,, C , ,  R I  branch are 
plotted as functions of frequency in Figure 2, 
for the purpose of defining the different charac- 
teristic frequencies. Z,, ,  and Z , ,  denote minimum 
and maximum impedance respectively, and R,, 
R ,  the impedances at zero phase angle. These 
curves, however, have only qualitative character 



and do not represent a particular piezoelectric 
vibrator.7 

For further clarification, the impedance ancl 
admittance circles of a piezoelectric vibrator 
are reproduced in Figure 3. However, the cir- 
cle representation of the impedance or admit- 
tance of a piezoelectric vibrator is valid only if 
the circle diameter of the admittance diagram is 
large compared with the change of 2~fC, ,  in the 
resonance range or if r < Q', which is fulfilled 
in most vibrators. If the latter conditions are 
not fulfilled, the admittance curve shows a cis- 
soidal character. Throughout the remainder of 
this Standard, it is assumed that the impedance 
(or admittance) of the vibrator can be repre- 
sented by a circle diagram. Table 3 gives data 
for Q, r, and Q2/r for various types of vibrators, 
indicating that this assumption is valid for all 
practical cases. 

It is necessary to make approximations in de- 
riving practical equations for general use. It is 
the error of these approximations, in addition 
to the errors of instrumentation, that govern the 
overall accuracy of the experimentally derived 
parameters. 

As a first approximation sufficient for many 

practical purposes, thc foIlu\ving ijs;suinl,tions 
can I x  inatlc: f!,: I ,  I .  a i i t i  f , ,  i,, fl,. 

More exact relations l)ct\vtui t t i t s  characteris- 
tic frequencies f,,,? f,, I:, .  f,,, I , , ,  anci ttic series 
rcsonance frequency f, of :a vibr3tor. valid for 
the figure of merit M > 10 and the c;ip:icitance 
ratio r > 10, are shown in Table 4. These rela- 
tionships have been derived by various au- 
thors'.!' under the assumption that M > 

The separation between parallel and series 
resonance frequencies is given by: 

1. 

f,,' - 6' CI ._ 1 
fs' CO - -  r 

- - 

The approximation 

1 1 1 
2r 4r 2r 

(1- +...)- - - 

1 CI 
2 C O  

- _ _ _  
(3)  

- 

can be used for larger values of r (for example, 
when r is greater than 25 the error is less than 
1 percent.) 

I I !  

FREQUENCY - 
FIGURE 2 

lmpedance 1.71, Resistance Re, Reactance X r ,  and Series 
Arm Reactance X I  of a Piezoelectric Vibrator as a Func- 
tion of Frequency. ZW and Ztt denote minimum and 
maximum impedance, RI- and R;I the impedances at zero 
phase angle. For the meanina of the different frequencies, 
see Table 1A and Figure 2. 
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FIGURE 3 
Impedance and Admittance Diagram of a Piezoelectric 
Vibrator. The symbols conform with those in Table 1A 
and Figure 2. 

2. TRANSMISSION CIRCUIT METHOD sion (maximum transfer impedance) of a 7[- 

O F  MEASURING T H E  PARAMETERS network containing the equivalent electric circuit 
O F  THE EQUIVALENT ELECTRIC of the vibrator under test in the series branch, 
CIRCUIT as shown by Figure 4. The frequency f , , ,T at 

maximum transmission (maximum output volt- 
age) is measured both with and without the ca- 
pacitance C,, in series with the vibrator. From 
these measurements, the motional resonance fre- 

2.1 Measurement, General 
This method is based on measuring the fre- 

quency and impedance at  maximum transmis- 
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quency f, and the motional capacitance CI of the 
vibrator can be determined. The value for R I  
can be obtained by substitution of a resistance 
R,, in place of the vibrator to obtain the same 
output voltage. 

All symbols describing the transmission meth- 
od are given in Tables 1A and 1B. 

Table 5 (taken from") contains, in the second 
column, a compilation of the expressions for RI, 
and, in the third column, the exact deviation of 
the frequency at minimum transfer admittance 
f,,,.r from the motional resonance frequency f, 
of the vibrator. The exact solutions shown in 
Table 5 can be simplified if the assumptions 
mentioned in the left-hand column of the table 
are made. When the parallel inductance Lo is 
not used, then b = 1. 

2.2 Transmission Measurement Circuit 
Figure 4 shows a schematic of the transmis- 

sion circuit. The measuring circuit consists of a 
constant current source in the form of a variable 
frequency oscillator, the transmission network, 
and a voltmeter. The piezoelectric vibrator is 
represented by its equivalent electric circuit. 
The network is symmetrical with respect to the 
input and output. The capacitances CT, which 
shunt the terminating resistances RT, represent 
stray elements which affect the accuracy of 
measurements as shown in Table 5. The oscilla- 
tor must have a high degree of purity of output 

waveform to an extent consistent with the re- 
quirements of the individual vibrator under 
test. :I: 

The inductance L,,,, connected across the vi- 
brator, serves to resonate the shunt capacitance 
C,, of the vibrator at f,. This added component 
improves the accuracy of measurement as ex- 
plained in Section 2.3.1. 

An important source of stray capacitance to 
ground that must be considered occurs at the 
junction of the crystal unit and the capacitor 
C,, (Figure 4). This stray capacitance is com- 
posed of two parts; that associated with the 
crystal unit under test and that associated with 
Cr.. When the magnitude of these stray react- 
ances is large compared with the magnitude of 
the termination impedance, the distributed ca- 
pacitance to ground of the crystal unit and the 
distributed capacitance to ground of CI, at the 
junction may be treated in a first approximation 
as being in parallel with Ct. When measuring 
the parameters of crystal units by other than 
the transmission method, consideration must be 
given to the stray capacitance of each terminal 
of the crystal unit to ground. This is of course 
an important consideration in the use of crystal 
units in network and frequency control applica- 
tions. 

The voltmeter which is placed at the output, 
measures the voltage e2 as the frequency of the 
input is varied. 

OSCll 

L O  
EQUIVALENT CIRCUIT 

OF VIBRATOR 

FIGURE 4 
Schematic of Transmission Circuit Method. 

2.3 Procedure for Measurement and Deter- 
mination of the Parameters 

2.3.1 Motional Resistance RI 
The motional resistance is measured by ad- 

justing the frequency of the oscillator to ob- 
tain maximum transmission (maximum e.), 
of the vibrator. The resistor is adjusted to the 
particular value R., for which the maximum 
transmission value e, is equal to the value 
obtained with the vibrator. The general rela- 

VOI -TMETER 

tion between R I  and R,, is given in equation 
(4), Table 5. Assuming that C,,. I 0, R I  can 
and then substituting a resistor R,, in place 
be calculated from equation (4b), Table 5. 
When the compensating inductance L,, is not 
used, the error in R I  will be 

4: For most practical purposes the following requirements 
are adequate: Harmonics greater than 30 dB below the 
main signal, frequency stability better than 1 part per 
10'; and amplitude change less than 10 percent during 
the measurement period. 

a 



100. ( ~- :: ) 2  (7- + 1) percent. 

(5) 
Proper adjustment of L,, for b = 0 (Table lB, 
first line) reduces this error to zero (Table 5, 
equation 4f). 

2.3.2 Motional Capacitance C, and 

The motional capacitance Cl is determined 
by measuring the frequency of maximum 
transmission flllT using one or more load ca- 
pacitances*' CI, connected successively in se- 
ries with the vibrator (see Figure 4). When 
M >> 1, which is usually the case, the readings 
obtained by use of two different load capaci- 
tors CL1 and CL2 can be combined so that 

fs Af 

Znductance L1 

2 A c ~  Af, Afz 
(6) 

c1=- ___ 

where 
ACL = c~2 -  CL^ 
Af = fsL1 - f s ~ 2  

Afl = fsL1 - f ,  (7) 
Af2 = fsLz - f ,  

. and fsLl and fsL2 are the motional resonance 
frequencies of the vibrator in series with  CL^ 
a@ the vibrator in series with CI,2 respec- . 
tively. The frequencies of maximum transmis- 
sion may be used in equation (7) instead of 
the respective motional resonance frequencies 
resulting in an  error in C1 of less than 3 per- 

FIGURE 5 
Equivalent Electric Circuit of a Piezoelectric Vibrator 
with a Series (Load) Capacitance CL. 

cent for (Q2/r) >= 80. To obtain higher accu- 
racy, the motional resonance frequencies have 
to be calculated from the frequencies of maxi- 

mum transmission according to Section 2.3.3 
and Table 5. As the equations in Table 5 are 
based on the equivalent electric circuit shown 
in Figure 1, equations (8) have to be used to 
obtain the corresponding parameters for the 
combinaticn of vibrator plus Cl.. When a ca- 
pacitcnce C,, is in series with an electroded 
element, the diagram shown in Figure 5 ap- 
plies."' The two circuits are equivalent having 
the following relationships: 

L'1= L1 ( 1 + S) 2 

2 
R'l = R I  ( 1 -t 2) 

CO C L  

C O  + CL 
CO = 

When the frequencies of maximum transmis- 
sion are measured using different values for 
CI,, it is important to maintain the current 
through the vibrator constant to within 10 
percent as indicated by the voltmeter. 

The inductance Ll follows from - 
Ll = (w,2 c1)- 

when the values for and C1 are known. 

2.3.3 Motional Resonance Frequency f, 
The frequency of the oscillator is adjusted 

for maximum transmission with the piezoelec- 
tric vibrator inserted in the network shown 
in Figure 4. This is the frequency of maxi- 
mum transmission flnT. At the first approxima- 
tion, fnlT is equal to the frequency of minimum 
impedance f,, and the motional resonance fre- 
quency f, of the vibrator. If higher accuracy 
for f, is required, Table 5 should be consulted 
which gives the relationship between flllT and 
f ,  as the ratio 

lllT 
€2 
~- 
f2 

for different degrees of approximation as a 
function of the network parameters. When 
the shunting inductance L,, is omitted, equa- 
tion ( lob )  in Table 5 becomes 

I -  4 

* See Section 2.2 for the effect of stray capacitance on CL. 
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When M' > 1 is fulfilled for the resonator, 
the general formula (10) reduces to 

and since the right-hand side of equation 
(1  l b )  is usually much smaller than unity, it 
further reduces to 

In most instances, M2 & 1, and the approxi- 
mate equation ( 1 IC) is satisfactory. When 
this condition is not fulfilled, the exact formula 
( 1 l a )  must be used. 

2.3.4 Network Requirements 
The accuracy of the results increases as the 

following conditions are fulfilled: 
(1) Stray capacitance between ter- 

minals A and B low compared to vibrator 
capacitance C,,, (CO & CA-B). 

(2)  Reactance of stray capacitance CA-B 
high compared to series resistance RI,( IXA-B~ 
>Rl) -  

(3)  The reactance of leads connecting vi- 
brator is low compared to reactance of Co. 

In the case of vibrators with low figure of 
merit M,it is advisable to use a shunting coil 
L,, connected in parallel with the vibrator. If 
the combination L,, is tuned to the motional 
resonance frequency f, of the vibrator, b = 0 
and the measurement is simplified. Table 5, 
equations (4a) and (loa), supplies resistance 
and frequency values for this condition. It is 
seen that when b = 0 and MT 1 (condition 
1 above), then fn,T = f, and Rst = RI. 

2.3.5 Shunt Capacitance C,, 
The shunt capacitance CO of the equivalent 

electric circuit of a vibrator is slightly smaller 
than the measured value for a free piezoelec- 
tric element and slightly greater than the 
measured value for a piezoelectric element in 
clamped condition. The exact value of the 
dielectric permittivity depends upon the mode 
of vibration. This has to be considered when 
greater accuracy is required. Details are dis- 
cussed in the IEEE Standard on Piezoelectric 
Crystals: Determination of the Elastic, Piezo- 
electric, and Dielectric Constants-The Elec- 
tromechanical Coupling Factor, 1958.:' 

There is no direct method for measuring C,, 
precisely. However, in nearly all practical 
cases it is adequate to regard as C,, the mean 
value of the shunt capacitances C,,, and C,,, 
of the resonator obtained at two frequencies, 
equidistant above and below the resonance 
frequency and sufficiently removed from the 
latter for the impedance to be independent 

of any response. C3,, and C,,, can be measured 
by means of an impedance bridge or a Q 
meter. 

It should be noted that C,, is the shunt 
capacitance between the two electrodes of the 
resonator. As pointed out in Section 2.2, the 
capacitances of both of the electrodes to 
ground are important elements in many net- 
work and frequency control applications. 
Proper use of the transmission circuit method 
for the meahurement of CI requires knowledge 
of at least the capacitance to ground of that 
electrode of the resonator which is connected 
to Cr, (see Figure 4) .  

Therefore, in the general case, it is neces- 
sary to consider the crystal unit as a three ter- 
minal network and to evaluate C,, and the 
stray capacitances of the two electrodes to 
ground from open and short-circuit measure- 
ments according to the techniques customarily 
employed when dealing with two-port devices. 

The crystal enclosure remains at ground 
potential during the entire series of measure- 
ments required for evaluation of the resonator 
parameters. For this purpose it may be found 
desirable to provide glassenclosed crystal 
units with metal shells. 

2.4 Numerical Examples . 
The IEEE Standard on Piezoelectric Crystals, 

1957,' shows the mean deviation of f, from its 
true value, due to detector sensitivity S alone, as 

This equation is valid if 4/MT2 < 1 and b 2 / M z  
< 1. The magnitude of the mean deviation is 
plotted in Figure 6 for various values of S as a 
function of Q. 

The equations in Table 5 give the corrections 
necessary to obtain R I  from R,, and f, from f,,,T 
respectively in terms of the vibrator and network 
parameters. When the assumptions leading to 
the simplified relations (5)  and (1  IC) are met, 
the magnitude of these corrections can be ob- 
tained from the graphs shown in Figures 7 and 
8 (see 'I). 

The solid lines in these graphs further assume 
that 2 (R.r/RI) < 1 (Figure 6), 4 (R.v/R,,) < 1 
(Figure 7), and 4 (R.r/R,) < 1 (Figure 8). The 
ordinate values of the graphs (Figures 6 to 8 )  
can be modified easily when these relationships 
are not fulfilled. The examples shown in the 
graphs refer to the vibrators listed in Figure 6 
and illustrate that RI generally differs from R,, 
by less than 2 percent (Figure 7 )  and that, ex- 
cluding ceramics, the differences between f, 
and f,,,.,. are of the order of 1 .10 " (Figure 8) .  
Shunt coils were not used for thrsc riit'Rsiire- 
ments. 



Q 
FIGURE 6 

Mean Deviation Lf/fs Due to Voltmeter Sensitivity s. 
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